We present an approach for modeling nanoscale wetting and dewetting of liquid surfaces that exploits recently developed, sophisticated techniques for computing van der Waals (vdW) or (more generally) Casimir forces in arbitrary geometries. We solve the variational formulation of the Young-Laplace equation to predict the equilibrium shapes of fluid-vacuum interfaces near solid gratings and show that the non-additivity of vdW interactions can have a significant impact on the shape and wetting properties of the liquid surface, leading to very different surface profiles and wetting transitions compared to predictions based on commonly employed additive approximations, such as Hamaker or Derjaguin approximations.
Wetting and dewetting phenomena are ubiquitous in soft matter systems and have a profound impact on many disciplines, including biology [1] , microfluidics [2] , and microfabrication [3] . One problem of great interest concerns the suspension of fluid films on or near structured surfaces where, depending on the interplay of competing short-range molecular or capillary forces (e.g. surface tension), gravity, and long-range dispersive interactions (i.e. van der Waals or more generally, Casimir forces), the film may undergo wetting or dewetting transitions, or exist in some intermediate state, forming a continuous surface profile of finite thickness [2, 4] . Thus far, theoretical analyses of these competing effects have relied on approximate descriptions of the dispersive van der Waals (vdW) forces [5] [6] [7] , i.e. so-called Derjaguin [8] and Hamaker [9] approximations, which have recently been shown to fail when applied in regimes that fall outside of their narrow range of validity [5, [10] [11] [12] .
In this paper, building on recently developed theoretical techniques for computing Casimir forces in arbitrary geometries [13, 14] , we demonstrate an approach for studying the equilibrium shapes (the wetting and dewetting properties) of liquid surfaces that captures the full non-additivity and nonlocality of vdW interactions [15] . As a proof of concept, we consider the problem of a fluid surface on or near a periodic grating, idealized as a deformable perfect electrical conductor (PEC) surface (playing the role of a fluid surface) interacting through vacuum below a fixed periodic PEC grating [ Fig. 1 ], and show that the competition between surface tension and non-additive vdW pressure leads to quantitatively and qualitatively different equilibrium fluid shapes and wetting properties compared with predictions based on commonly employed additive approximations. Our simplifying choice of PEC surfaces allows for a scale-invariant analysis of the role of geometry on both non-additivity and fluid deformations, ignoring effects associated with material dispersion that would otherwise further complicate our analysis and which are likely to result in even larger deviations [5, 16] . Our results provide a basis for experimental studies of fluid suspensions in situations where vdW non-additivity can have a significant impact.
Equilibrium fluid problems are typically studied by way of the augmented Young-Laplace equation [17] ,
(1) describing the local balance of forces (variational derivatives of energies) acting on a fluid of surface profile Ψ(x). The first two terms describe surface and other external forces (e.g. gravity), with γ denoting the fluid-vacuum surface tension, while the third term δ δΨ E vdW denotes the local disjoining pressure arising from the changing vdW fluid-substrate interaction energy E vdW . Semi-analytical [18, 19] and bruteforce [20, 21] solutions of the YLE have been pursued in order to examine various classes of wetting problems, including those arising in atomic force microscopy, wherein a solid object (e.g. spherical tip) is brought into close proximity to a fluid surface [18] [19] [20] , or those involving liquids on chemically [22, 23] or physically [2, 4, 21] textured surfaces.
A commonality among prior theoretical studies of (1) is the use of simple, albeit heuristic approximations that treat vdW interactions as additive forces, often depending on the shape of the fluid in a power-law fashion [8, 9, 24] . Derjaguin or proximity-force approximations (PFA) are applicable in situations involving nearly planar structures, i.e. small curvatures compared to their separation, approximating the interaction between the objects as an additive, pointwise summation of plate-plate interactions between differential elements comprising their surfaces [8, 24] . Hamaker or pairwisesummation (PWS) approximations are applicable in situations involving dilute media [11] , approximating the interaction between two objects as arising from the pairwise summation of (dipolar) London-vdW [25] or Casimir-Polder [26] forces between volumetric elements of the same constitutive materials [9] ; such a treatment necessarily neglects multiplescattering and other non-additive effects. When applied to geometries consisting of planar interfaces, PFA can replicate exact results based on the so-called Lifshitz theory (upon which it is based) [27] , whereas PWS captures the distance dependence obtained by exact calculations but differs in magnitude (except in dilute situations) [11] . Typically, the quantitative discrepancy of PWS is rectified via a renormalization of the force coefficient to that of the Lifshitz formula, widely known as the Hamaker constant [28] . The inadequacy of these additive approximations in situations that fall outside of their range of validity has been a topic of significant interest, spurred by the recent development of techniques that take full account of complicated non-additive and boundary effects arising in non-planar structures, revealing non-monotonic, logarithmic, and even repulsive interactions stemming from geometry alone [5, 15, 29, 30] . These brute-force techniques share little semblance with additive approximations, which offer computational simplicity and intuition at the expense of neglecting important electromagnetic effects. In particular, the exact vdW energy in these modern formulations is often cast as a log-determinant expression involving the full (no approximations) electromagnetic scattering properties of the individual objects, obtained semianalytically or numerically by exploiting spectral or localized basis expansions of the scattering unknowns [5, 31] . The generality of these methods does, however, come at a price, with even the most sophisticated of formulations requiring thousands or hundreds of thousands of scattering calculations to be performed [5] . Despite the fact that fluid suspensions motivated much of the original theoretical work on vdW interactions between macroscopic bodies [6, 7, 27, 32] , to our knowledge these recent techniques have yet to be applied to wetting problems in which non-additivity and boundary effects are bound to play a significant role on fluid deformations.
Methods.-In order to solve (1) in general settings, we require knowledge of δ δΨ E vdW [Ψ] for arbitrary Ψ. We employ a mature and freely available method for computing vdW interactions in arbitrary geometries and materials [33, 34] , based on the fluctuating-surface current (FSC) framework [13, 14] of electromagnetic scattering, in which the vdW energy,
is expressed in terms of "scattering" matrices M, M ∞ involving interactions of surface currents (unknowns) flowing on the boundaries of the bodies [13, 14] and integrated along imaginary frequencies ξ = iω; these are computed numerically via expansions in terms of localized basis functions, or triangular meshes interpolated by linear polynomials [ Fig. 1(a) ], in which case it is known as a boundary element method. Because exact methods most commonly yield the total vdW energy or force, rather than the local pressure on Ψ, it is convenient to consider the YLE in terms of an equivalent variational problem for the total energy [35, 36] :
where just as in (1), the first term captures the surface energy, the second captures contributions from gravity or bulk thermodynamic/fluid interactions, and the third captures the dispersive vdW interaction energy. For simplicity, we ignore other competing interactions, including thermodynamic and viscous forces [19, 20] and neglect gravity when considering nanoscale fluid deformations, focusing instead only on the impact of surface and dispersive vdW interactions. Equation 3 can be solved numerically via any number of available nonlinear optimization/minimization techniques [35, 36] , requiring only a convenient parametrization of Ψ using a finite number of degrees of freedom. In what follows, we consider numerical solution of (3) for the particular case of a deformable incompressible PEC surface Ψ interacting through vacuum with a 1d-periodic PEC grating of period Λ and shape h(
, with half-pitch P = 0.03Λ and height H = 1.2Λ. Figure 1 shows the grating surface and fluid profile obtained by solving (3) for a representative set of parameters and mesh discretization. Here, d = 0.4Λ is the initial minimum grating-fluid separation, and αΛ = 150 is a parameter that smoothens otherwise sharp corners in the grating, alleviating spatial discretization errors in the calculation of E vdW while having a negligible impact on the qualitative behavior of the energy compared to what one might expect from more typical, piecewise-constant gratings [10] .
To minimize the energy, we employ a combination of algorithms found in the NLOPT optimization suite [37] [38] [39] . Although the localized basis functions or mesh of the FSC method provide one possible parametrization of the surface, for the class of periodic problems explored here, a simple Fourier expansion of the surface provides a far more efficient and convenient basis, requiring far fewer degrees of freedom to describe a wide range of periodic shapes. Because the grating is translationally invariant along the z direction and mirror-symmetric about x = 0, we parametrize Ψ in terms of a cosine basis, Ψ(x) = n c n cos 2πnx Λ , with the finite number of coefficients {c n } functioning as minimization parameters. As we show below, this choice not only offers a high degree of convergence, requiring typically less than a dozen coefficients, but also automatically satisfies the incompressibility or volume-conservation condition´Ψ = 0, which would otherwise require an additional, nonlinear constraint. Note that the optimality and efficiency of the minimization can be significantly improved when local derivative information (with respect to the minimization parameters) is available, but given that even a single evaluation of E vdW [Ψ] is expensive-a tour-de-force calculation involving hundreds of scattering calculations [5]-this is currently prohibitive in the absence of an adjoint formulation (a topic of future work) [40] . Given our interest in equilibrium fluid shapes close to the initial condition of a flat fluid surface (Ψ = 0) and because of the small number of degrees of freedom {c n } needed to resolve the shapes, we find that local, derivative-free optimization is sufficiently effective, yielding fast-converging solutions.
In what follows, we compare the solutions of (3) based on (2) against those obtained through PFA and PWS, which approximate E vdW in this periodic geometry as:
where
45 is a Hamaker-like coefficient obtained by requiring that (5) yield the correct vdW energy for two parallel PEC plates, as is typically done [28] . Equation 5 is obtained from pairwise integration of the r −7 CasimirPolder interactions following integration over z and z ′ , with r = s 2 + (z − z ′ ) 2 and s = (x − x ′ ) 2 + (y − y ′ ) 2 [41] . Note that because we only consider perfect conductors, there is no dispersion to set a characteristic length scale and hence all results can be quoted in terms of an arbitrary length scale, which we choose to be Λ. Additionally, we express the surface tension γ in units of γ vdW = π 2 c 720d 3 , the vdW energy per unit area between two flat PEC plates separated by distance d. In what follows, we consider the impact of non-additivity on the fluid shape under both repulsive [ Fig. 2] or attractive [ Fig. 3 ] vdW pressures (obtained by appropriate choice of its sign), under the simplifying assumption of PEC surfaces interacting through vacuum. In either case, we consider local optimizations with small initial trust radii around Ψ = 0, and characterize the equilibrium fluid profile Ψ(x) as γ is varied. Our minimization approach is also validated against numerical solution of (1) under PFA (green circles).
Repulsion.-We first consider the effects of vdW repulsion on the equilibrium profile of the fluid-vacuum interface, enforced in our PEC model by flipping the sign of the otherwise attractive vdW energy. Such a situation can arise when a fluid film either sits on or is brought in close proximity to a solid grating [ Fig. 2(insets) ], causing the fluid to either wet or dewet the grating [6] , respectively. Figure 2 compares the dependence of the maximum displacement ∆Ψ = Ψ max − Ψ min of the fluid surface on γ, as computed by FSC (blue), PWS (red), and PFA (green). Also shown are selected surface profiles at small, intermediate, and large γ/γ vdW . Note that the combination of a repulsive vdW force, surface tension, and incompressibility leads to a local equilibrium shape that is corroborated via linear stability analysis [42] .
Under large γ, the surface energy dominates and thus all three methods result in nearly-flat profiles, with |Ψ| ≪ d. While both additive approximations reproduce the exact energy of the plane-plane geometry (with the unnormalized PWS energy underestimating the exact energy by 20% [11] ), we find that (at least for this particular grating geometry) E PWS,PFA /E FSC ≈ 0.25 in the limit γ → ∞, revealing that even for a flat fluid surface, the grating structure contributes significant non-additivity. Noticeably, at large but finite γ ≫ γ vdW , ∆Ψ is significantly larger under FSC and PFA than under PWS, with Ψ FSC,PWS exhibiting increasingly better qualitative and quantitative agreement compared to the sharply peaked Ψ PFA as γ decreases [ Fig. 2(insets) ]. The stark deviation of PFA from FSC and PWS in the vdWdominated regime γ ≪ γ vdW is surprising in that PWS involves volumetric interactions within the objects, whereas PFA and FSC depend only on surface topologies. Essentially, the pointwise nature of PFA means E PFA depends only on the local surface-surface separation, decreasing monotonically with decreasing separations and competing with surface tension and incompressibility to yield a surface profile that nearly replicates the shape of the grating in the limit γ → 0. Quantitatively, PFA leads to larger ∆Ψ as γ → 0, asymp-toting to a constant lim γ→0 ∆Ψ PFA → H = 3d at significantly lower γ γ vdW < 10 −5 . On the other hand, both E FSC and E PWS exhibit much weaker dependences on the fluid shape at low γ, with the former depending slightly more strongly on the surface amplitude and hence leading to asymptotically larger ∆Ψ as γ → 0; in this geometry, we find that ∆Ψ FSC,PWS → {0.32, 0.28}d for γ γ vdW
10
−2 . Furthermore, while PFA and PWS are found to agree with FSC at large and small γ, respectively, neither approximation accurately predicts the surface profile in the intermediate regime γ ∼ γ vdW , where neither vdW nor surface energies dominate. Ultimately, neither of these approximations is capable of predicting the fluid shape over the entire range of γ.
Attraction.-We now consider the effects of vdW attraction, which can cause a fluid film either sitting on or brought into close proximity to a solid grating [ Fig. 3(insets) ] to dewet or wet the grating, respectively [6] . Here, matters are complicated by the fact that E vdW → −∞ as the fluid surface approaches the grating, leading to a fluid instability or wetting transition below some critical γ (c) , depending on the competition between the restoring surface tension and attractive vdW pressure. Such instabilities have been studied in microfluidic systems through both additive approximations [2, 4, 18, 43] , but as we show in Fig. 3 , non-additivity can lead to dramatic quantitative discrepancies in the predictions obtained from each method of computing E vdW . To obtain γ (c) along with the shape of the fluid surface for γ > γ (c) , we seek the nearest local solution of (3) starting from Ψ = 0. Figure 3 quantifies the onset of the wetting transition by showing the variation of the minimum grating-fluid separation h min − Ψ max with respect to γ, as computed by FSC (blue), PWS (red), and PFA (green), along with the corresponding E vdW [ Fig. 3(inset) ] normalized to their respective values for the plane-grating geometry (attained in the limit γ → ∞). Also shown in the top-right inset are the optimal surface profiles at γ ≈ γ (c) obtained from the three methods.
In contrast to the case of repulsion, here the fluid surface approaches rather than moves away from the grating, which ends up changing the scaling of E vdW with Ψ and leads to very different qualitative results. In particular, we find that E FSC exhibits a much stronger dependence on Ψ max compared to PWS and PFA, leading to a much larger γ (c) and a correspondingly broad surface profile. As before, the strong dependence of E PFA on the fluid surface, a consequence of the pointwise nature of the approximation, produces a sharply peaked surface profile, while the very weak dependence of E PWS on the fluid shape ensures both a gross underestimation of γ (c) along with a broader surface profile. Interestingly, we find that γ scale-invariant model for the vdW energy, realistic (dispersive) materials can be readily analyzed within the same formalism, requiring no modifications. We expect that in these cases, non-additivity will play an even larger role. In fact, recent works [11, 16] have shown that additive approximations applied to even simpler structures can contribute larger discrepancies in dielectric as opposed to PEC bodies. For the geometry considered above, assuming Λ = 50 nm and a nonretarded Hamaker constant A = 10 −19 J [6, 28, 44], corresponding to a gold-water-oil material combination (with the thin d = 20 nm water film taking the role of vacuum in our model), we estimate that significant fluid displacements ∆Ψ ∼ 10 nm and non-additivity can arise at γ ≈ 10 −6 J/m 2 . By exploiting surfactants, it should be possible to explore a wide range of γ ∈ [10 −7 , 10 −2 ] J/m 2 [18] and hence fluid behaviors, from vdW-to surface-energy dominated regimes. Yet another tantalizing possibility is that of observing these kinds of non-additive interactions in extensions of the original liquid He 4 wetting experiments that motivated development of more general theories of vdW forces (Lifshitz theory) in the first place [27] . In the future, it might also be interesting to consider the impact of other forces, including but not limited to gravity as well as finite-temperature thermodynamic effects arising in the presence of gases in contact with fluid surfaces.
